We present circular and linear cross-correlation tests and the "friend-of-friend" analysis for phases of the Internal Linear Combination Map (ILC) and the WMAP foregrounds for all K-W frequency bands at the range of multipoles ℓ ≤ 100. We compare also Tegmark, de Oliveira-Costa and Hamilton (2003) and Naselsky et al. (2003) cleaned maps with corresponding foregrounds. We have found significant deviations from the expected Poissonian statistics for all the cleaned maps and foregrounds. Our analysis shows that, for a low multipole range of the cleaned maps, power spectra contains some of the foregrounds residuals mainly from the W band.
INTRODUCTION
The recently-published Wilkinson Microwave Anisotropy Probe (WMAP) data sets (see a-c, Hinshaw et al. 2003 open a new epoch for the CMB investigation. These data serve for the development of more refined technique for future high resolution measurements and for a choice of the realistic cosmological model.
The WMAP has observed the full sky in five frequency bands: K (centered frequency 22.8 GHz), Ka (33.0 GHz),Q (40.7 GHz), V (60.8 GHz), and W (93.5 GHz) and produced five maps represented in n = 12 × 512 2 HEALPix (Górski et al. 1999 ) pixels. Then, using smoothing of the maps to 1 o and performing cleaning of the combined multifrequency map by minimization of the rms variance for each pixel, the WMAP team produced the Internal Linear Combination (ILC) map taking 12 optimization coefficients wi, i = 1, 2, ..., 5 for 12 disjoint sky regions. Thus, the ILC map has a minimal variance corresponding to the minimization of the Galaxy and foreground contamination at the range of multipoles ℓ ≤ 100. Tegmark, de Oliveira-Costa and Hamilton (2003) (hereafter TOH) have suggested to use ideologically similar but technically different optimization scheme based on Tegmark and Efstathiou (1996) (hereafter TE) method. The main goal of the TOH method is to combine the K-W band maps into the Foreground Cleaned Map (FCM) using variable weighting coefficients wi(ℓ) for each frequency band i=K-W. In order to minimize the total unweighted power from the Galaxy, foregrounds and noise separately for each harmonic ℓ, TOH subdivided the sky into 9 disjoint regions and performed cleaning of the 5 frequency maps in each region. Unlike the ILC map, the TOH FCM has smaller power at the multipole range ℓ ≤ 12. Both the ILC and TOH FCM are available from the web and can be used for analysis of the foregrounds and the statistical properties of the cleaned maps. For example, Komatsu et al. (2003) tested the non-Gaussianity of the WMAP CMB signal using Minkowski functionals as a statistic. Chiang et al. (2003) have also tested the statistics of the phases for the ILC and the TOH FCM maps and discussed non-Gaussianity of the TOH FCM map. Dineen and Coles (2003) have presented a diagnostic of the Galactic synchrotron contamination and have discovered the cross-correlation between Faraday rotation measure and the TOH FCM map (see also Coles et al. 2003) .
Recently Naselsky et al. (2003) proposed the Phase Cleaning Method (PCM) for decomposition of the CMB signal and foregrounds using the WMAP data. The main idea of the PCM is to minimize the variance of the combined K-W maps and cross-correlations of the CMB and foreground phases simultaneously. The result of PCM in its application to the WMAP data reproduces well the power spectrum of the best-fit WMAP ΛCDM model at the range ℓ < 50. The main target of our paper is to extend the resolution of the derived PCM CMB map up to ℓ ∼ 100, to perform the the cross-correlation analysis (circular and linear statistics and "friend-of-friend" analysis) of the CMB and foreground phases and to estimate their interconnection. We have included the ILC , TOH FCM and the PCM maps in our analysis and have discovered significant deviation of the phase statistics from the expected for uniformly random phases. We have shown that such a kind of non-Gaussianity arises owing to the contamination of the foregrounds signal in the ILC, TOH FCM and the PCM maps.
PHASE CLEANING METHOD AND THE CMB EXTRACTION
The fluctuations of measured CMB plus foregrounds radiation on a sky sphere can be expressed as a sum over spherical harmonics:
where a ℓm are the coefficients of expansion, T =2.73K, and ∆T =0. Homogeneous and isotropic CMB Gaussian random fields (GRFs), as a result of the simplest inflation paradigm, possess a ℓm modes whose real and imaginary parts are independently distributed. The statistical properties of this field are completely specified by its angular power spectrum C ℓ ,
and random phases
which are uniformly distributed at the range 0, 2π. For the foregrounds, the signal is obviously non-Gaussian. So, for the combined CMB + foregrounds signal we define
where |a ℓm | is the modulus and Ψ ℓm is the phase of each ℓ, m harmonic. In practice, each of the WMAP K-W maps is decomposed into set of a j where a ≡ a ℓm and index j = 1, 2..5 corresponds to K, Ka, ..., W bands, using the HEALPix code (Górski et al. 1999 ).
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The basic idea of the PCM is to generalize the TOH and TE minimization scheme including also the minimization of the cross-correlations between derived CMB signal and foregrounds . The method does not require any galactic cut-offs or disjoint regions. Following Naselsky et al. (2003) , we consider the combinations of the WMAP maps: Ka-Q, Ka-V and Q-V, for which the higher correlations between foreground phases takes place.
2 . For each pairs of the maps, we introduce weighting coefficients w (j) (ℓ) similar to TOH and TE methods and minimize the variance of the derived map per each mode ℓ. Neglecting the instrumental for ℓ ≤ 100 noise and taking into account the beam shape deconvolution, we consider the signal as a superposition of the CMB and the foregrounds.
From all a (j) , we have found the phases Ψ
(see Eq (2)- (4)). Each set of the a (j) coefficients is defined by a combination of the different foreground coefficients (j) and the CMB signal a cmb , where index k marks the synchrotron, free-free and dust emission. For each combination of the maps, the derived CMB map is defined as 
where
and Ξ (j) is the phase of j-channel. The phases of the reconstructed CMB are related to the foregrounds amplitudes and phases as follows )
where ξ is the true CMB phase and Ψ (j) are the foreground phases. As is mentioned in Naselsky et al. (2003) , the phases of the reconstructed CMB signal Ψ M would have correlations with those of foregrounds. The main goal of the PCM is to minimize such correlations by minimizing of the weighting variance
using Eq. (7) and weighting coefficients w j in a form
Note that minimization of the weighting variance Eq. (8) is equivalent to minimization of the error bars of the CMB reconstruction
ℓm is the true CMB .
Practical implementation of the PCM includes the iteration scheme in which the first step corresponds to minimization of the variance of the derived map in each mode ℓ with the choice of coefficients Eq.(6). This step of optimization reconstructs the pre-CMB and pre-foreground map for each pair of channels where the foreground maps are a simple subtraction a ℓm coefficients of the K-W signals and derived pre-CMB a ℓm . Then, using the moduli and phases of the pre-foregrounds we perform the next iteration, using Eqs.(9), (5) and so on. This iteration scheme is stable and reproduce quite well the CMB signal from each pair of K-W maps after two steps of iteration.
However, the CMB maps reconstructed from each pair of K-W maps are slightly different because of residues of the foregrounds. To minimize such residues, as the last step of the PCM we use the so called MIN-MAX filter for each pixels of the map. The MIN-MAX filter compares signals, ∆Tp, in each pixel p in a set of maps. In this method, we chose the minimal amplitude of ∆Tp in the pixel as the CMB signal, i.e. Lmin({∆T
p |}. To estimate residues from point sources, we find the maximal amplitude of the signal in each pixel Lmax({∆T
p |}, for all the pre-CMB maps produced by the method Eq.(9). For true CMB, the difference ∆T The reason for such a filter is quite obvious. The signal in each pixel is a superposition of the CMB signal and (small) residues of the foregrounds. If correlations between the CMB signal and foregrounds are minimal then we expect that all the deviations of the ∆T (i) p in the pixel are caused by the residues. In our case, two approximations of the CMB map restored by Ka-V and Q-V channels (Naselsky et al. 2003) have been used and ∆T min has been taken as the CMB map.
The result of the PCM application to the WMAP data at the range ℓ ≤ 100 is shown in Fig. 1 for the CMB signal. In this Figure, the differences between the ILC and PCM maps (top right), TOH FCM and PCM (bottom left) and between TOH Wiener and PCM maps (bottom right) are also shown. As is shown in Fig. 1 , the main difference is connected with sources in the Galactic plane and the harmonic a51 which is probably related to the galactic emission. The difference shows foreground components being absent in the PCM map.
For the simplest estimator of the power spectrum, C(ℓ) = (2ℓ + 1) −1 m |a ℓm | 2 , we show in Fig. 2 the power spectrum for the ILC, FCM, PCM and TOH Wiener filtered maps. As one can see from Fig.2 the PCM map reproduces well the spectrum for the TOH Wiener filtered map.
CORRELATIONS OF THE CLEANED SIGNALS AND FOREGROUNDS FOR THE ILC, FCM AND PCM MAPS
Three cleaned maps (ILC, FCM and PCM) are produced from different methods of the foreground component separation. For the perfect separation of the CMB signal and foregrounds we can expect small random correlations between their phases. However, these methods provide the approximate separation only. Therefore, these remaining crosscorrelations between phases of the cleaned signal, φs, and the foregrounds, ψ f , can be used to characterize the degree of separation achieved.
To do this, here we will use the simplest phasephase circular (Fisher, 1993) correlation coefficients. We will use also the linear correlation coefficients and more refined "friend-of-friend" statistics discussed, for example, by Roeder (1992) neglecting circularity of the phases. Indeed, equivalence of the phases φs & φs ± 2π and ψ f & ψ f ± 2π, changes their correlation functions and cumulants and the results obtained with the "friend-of-friend" statistics. To suppress this effect we compared our result with 200 random realizations of Poissonian process prepared in the same manner (see Sec. 3.3).
For five frequency channels K-W, the maps are taken from the WMAP web site 3 , and all the phases are obtained by the spherical harmonics decomposition using the HEALPix (Górski et al. 1999) and GLESP (Doroshkevich et al. 2003a ) codes. We consider separately two ranges of multipoles, 2 ≤ ℓ ≤ 50 and 51 ≤ ℓ ≤ 100. For the ILC, FCM and PCM CMB maps, the derived foregrounds are determined as differences between the signal (S) and cleaned map (C) F = S − C for each (ℓ, m). In addition, for the ILC cleaned map, WMAP own foregrounds given in the same web-site were also used. Examples of difference of S, ILC and WMAP own foregrounds for V and W WMAP bands are shown on Fig. 3. 3.1 Circular cross-correlation of the phases. 
where Msp and M f p are the p-th trigonometric moments of the samples, φ and ψ are corresponding mean directions, R sf (ℓ) is the circular cross-correlation coefficient in each mode ℓ and r sf is the mean circular cross-correlation coefficient for all phases. For m = 0 and for all ℓ phases φ(ℓ, 0) = ψ(ℓ, 0) = 0 and here we neglect them.
For the K-W bands the circular coefficients, R sf (ℓ), are plotted in Fig. 4 for the ILC cleaned signal and its own and derived foregrounds and for PCM signal and derived foregrounds. For the first three channels, these coefficients are quite moderate and do not exceed the random scatter (1σ) obtained from 200 random realizations. Note that, for all the bands, the shape of the functions R sf (ℓ) are quite similar to each other what reflects strong correlation of phases in all the foregrounds . As one can see from Fig. 4 , for the V & W channels the cross-correlations of both the PCM and ILC phases with the derived foregrounds seems to be quite significant.
The same tendency is seen from the estimations of the mean coefficients, R sf , for 2 ≤ ℓ ≤ 50 listed in Table 1 for all three cleaned signal and the own WMAP and three derived foregrounds. For first three channels these coefficients are small but they become significant for channels V and W and derived foregrounds.
Correlations of phases of different foregrounds with the ILC, FCM and PCM cleaned signals are plotted in Figs. 5-7. For the free-free foregrounds, correlations are quite moderate and they exceed the random scatter only for the 35 -36 harmonics. However, for the synchrotron and dust foregrounds we see the significant (95%) correlations for the 21 -23 harmonics for all cleaned signal maps. In all the cleaned maps this range corresponds to minima of the power (see Fig.2 ).
Linear cross-correlation of the phases
For ℓmin ≤ ℓ ≤ ℓmax, the linear correlation coefficient between phases of the cleaned signal, φs, and foregrounds ψ f , is defined as follows: Table 2 . Linear correlation coefficients between the phases of the foregrounds and cleaned signal for all the K-W bands. The first three columns represent r sf for WMAP own foregrounds and the ILC, FCM and PCM cleaned signals. In other columns the cross-correlation coefficient for ILC, FCM and PCM signals with their derived foregrounds are listed for two ranges of multipoles, ℓ ≤ 50 and 51 ≤ ℓ ≤ 100.
For the foreground phases, ψ f , the mean value, ψ f , and the variance, σ ψ , are defined with similar relations. Here N ℓ is the number of phases in the sample under consideration. For m = 0 and for all ℓ, phases φs(ℓ, 0) = ψ f (ℓ, 0) = 0 and here we neglect them. The linear correlation coefficients for 2 ≤ ℓ ≤ 50 and 51 ≤ ℓ ≤ 100 are listed in Table 2 for the ILC, FCM and PCM cleaned signals and five frequency channels. First three columns characterize the correlation with the ILC own foregrounds. Six other columns represent these coefficients for the same signals and derived foregrounds. For six samples the correlations between the signal and derived foregrounds, r sf (ℓmin, ℓmax), increase with the channel frequency and are comparable for a given frequency. The random scatter of the coefficient determined by averaging of 200 random realizations is r sf (ℓmin, ℓmax) ∼ 0.06 at 68% CL. As is seen from Table 1 , for high frequency channels V and W the measured r sf (ℓmin, ℓmax) exceeds this value. This fact indicates the noticeable correlation between the cleaned signal and derived foregrounds in channels V and W and the limited precision of separation methods.
For all the channels and WMAP own foregrounds, the coefficients r sf (ℓmin, ℓmax) are less than the random value that indicates high efficiency of corrections of own foregrounds. However, this result depends upon the foregrounds rather than the cleaned signal. For the FCM and PCM cleaned signal and the same foregrounds, the coefficients, r sf (ℓmin, ℓmax) are also listed in the same Table. For all samples these coefficients r sf (ℓmin, ℓmax) do not exceed the random value. Therefore, the small correlations between the own foregrounds of ILC and the cleaned signals is determined by the properties of foregrounds.
By definition, this coefficient is more sensitive to ℓmax because the majority of phases used comes from ℓ ∼ ℓmax. However, it decreases when we correlate phases with different ℓ.
Linear correlation coefficient of the phases per each multipole ℓ
Linear correlation coefficient of phases of cleaned signal and foregrounds, r sf (ℓ), can also be found for each ℓ in the same manner as it was been done for the circular cross-correlation coefficient in Sec. 3.1. In the case, the coefficient is defined by the same relations (11) neglecting the summation over ℓ and for N ℓ = ℓ. It allows one to characterize properties of each mode separately and to determine harmonics with maximal r sf (ℓ). However, the small sample statistics of phases at moderate ℓ increases significantly its random scatter. Note also that, as is seen from the definition, this coefficient characterizes the sample used. Thus, in contrast with the circular cross-correlation coefficient, the direct averaging r sf (ℓ) over ℓ does not reproduce results obtained in previous Section. The coefficients r sf (ℓ) are plotted in Fig. 8 for channels V and W for two foregrounds of the ILC cleaned signal and for the PCM cleaned signal. For each ℓ the error bars are found for 200 random realizations and are well consistent with the expected behavior ≈ ℓ −1/2 . For channels K-V and for all three samples, the correlation coefficients do not exceed the random scatter but the disposition of their maxima and minima are very similar. For the channel W we see significant differences between functions r sf (ℓ) for different samples. More pronounced correlations are seen for 4 ≤ ℓ ≤ 10, ℓ = 13 − 15, ℓ = 18 − 27, ℓ = 32 − 36 and ℓ = 45 − 50 As is seen from the comparison with Fig. 2 , some of these harmonics correspond to local minima in C ℓ . This fact indicates that, perhaps, these peculiarities are caused by the same sources as the Galactic dust emission.
"Friend-of-Friend" statistics
To compare the foregrounds and the foreground-cleaned signal with random Poissonian process we use a more refined technique, the "friend-of-friend" approach for the 2D phase diagramme. In these diagrammes each point has coordinates xi = φs(ℓ, m), yi = ψ f (ℓ, m) where φs(ℓ, m) and ψ f (ℓ, m) are the phases of the cleaned signal and the foregrounds, respectively.
For each diagramme, we find the fraction of clusters, fM , with a given richness, M , in wide range of linking lengths, r lnk , which determines the maximal point separation within a cluster. Here we use the normalized linking length, where r lnk is the actual distance between two points, and N phs is the number of points used. As was discussed in White (1979) and Borgani (1996) , the fractions fM depend on the correlation functions (or cumulants) of all orders that provides high sensitivity to deviations of the sample from the Poissonian-like one. This sensitivity is weak for M = 1 & 2 and fast increases for larger M . But the random scatter of fM increases for larger M as well, and the analysis becomes ineffective for M ≥ 7.
For the truly Poissonian sample of points, the correlations functions of all orders are equal to zero and these fractions can be approximately described as follows:
where the first term describes the probability to find M separation between points ≤ l lnk while the last term gives probability to find larger separation for the M + 1 point. The scatter of fM is determined by averaging of fM over 200 random realizations of diagrammes analyzed in the same manner.
To find clusters with a given richness we use the Minimal Spanning Tree technique which, firstly, allows one to connect all points within a unique tree. Further on, rejection of edges of a tree larger than a chosen linking length transforms the tree to the system of clusters of all richness for a given linking length. The Minimal Spanning Tree technique was proposed in Barrow et al. (1985) and van de Weygaert (1991) and was applied for analysis of rich galaxy catalogues (see, e.g., Doroshkevich et al. 2001 Doroshkevich et al. , 2003b .
Firstly, we are testing the hypothesis that the distribution of phases are Poissonian-like and correlations are negligible for both foregrounds and cleaned signal. Main results of our analysis are presented in Figs. 9,10 where for all five frequency channels variations of fractions fM (l lnk ), 1 ≤ M ≤ 7 are plotted versus the linking length, l lnk . As is expected, the functions fM (l lnk ) are quite similar to Poissonian ones for M = 1 and M = 2, and even for M = 3 the deviations are moderate. However, for M ≥ 4 the deviations from the Poissonian samples become significant, especially for V and W channels. This result illustrates the expected non-Gaussian character of the cleaned signal and its correlations with the foregrounds.
This result is expectable because of non-Gaussian character of the foregrounds signals. However, comparing the phase diagramme for the cleaned signal and foregrounds with 100 diagrammes prepared for the foreground and random phases we can quantify their divergences using χ 2 statistics. These results are shown in Table 3 . If for M = 1 and M = 2 we see small χ 2 ≤ N where N is the number of linking lengths used then for M ≥ 3, we have χ 2 ≥ N . Larger ratio χ 2 /N is found again for higher frequency channels V and W. This fact indicates that all the cleaned maps contain some residues from the dust emission.
CONCLUSION
In this paper we have proposed new methods of investigation the statistical properties of the signal derived from the WMAP K-W bands foreground cleaned maps. With this approach we show significant correlations between the phases of the cleaned maps and the foregrounds. We have compared three cleaned maps, ILC, TOH FCM and PCM, and have investigated variations of the linear cross-correlation coefficients versus the multipole index, ℓ. We suggest also more sophisticated "friend-of-friend" statistics. All the methods described in Sec. 3 show significant cross-correlations between the phases of the cleaned maps and the foregrounds which manifest themselves more clearly for the W band of the WMAP. We have pointed out that some of peculiarities of the ILC and PCM power spectrum, for example, local minima at ℓ ∼ 6, and ℓ ∼ 20 − 25 are accompanied by significant cross-correlations between phases of the foregrounds and cleaned signal. Such correlations are important indicators for investigation and detection of possible nonGaussianity of the CMB signal which could be a byproduct of the component separation methods.
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